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Conclusion

For the minimum fuel-fixed range with time either free
or specified, the cruise condition based upon the dynamics
of Ref. 1 is found not to be a minimizing singular arc by
application of the generalized Legendre-Clebsch condition
for vector control. This is seen to be consistent with the
results for the energy-state approximation for which inter-

mediate values of thrust are not minimizing. Finally, it

can be shown that this conclusion holds when the restric-
tion on constant mass is removed.
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Inviscid Wake-Airfoil Interaction on
Multielement High Lift Systems

Alfred Moser* and Carl A. Shollenbergert

McDonnell Douglas Research Laboratories, St. Louis, Mo.

ON multielement airfoils, a boundary layer wake is shed
by the main airfoil and flows over the flap elements. A
viscous interaction of the wake with the boundary layer of
the flap element is almost certain. The question arises:
does the wake have an inviscid effect on the flap surface
pressure, i.e., would the lift of the flap be affected by the
wake even if any viscous or apparent turbulent stresses
would be absent? A linearized method for estimating the
inviscid wake effect and an attempt to explain the effect
are presented, and the results are compared with “exact”
numerical calculations using a recently developed singu-
larity method.?

According to Kiichemann? and Thwaites® the lift of the
flap is affected by the wake in inviscid fluid even for cases
where potential flow is present between the wake and the
flap. As a qualitative answer, Refs. 2 and 3 mention that
the additional lift force on airfoils induced by nonunifor-
mities in the (inviscid) freestream flow always tends to be
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Fig. 1 Experimental airfoil surface pressure distributions
with and without wake.>

directed toward the region with the highest velocity or
total pressure. In the case of a wake flowing over the
upper surface of a flap, the lift of the flap would be re-
duced by inviscid interaction.

Experimental verification of the inviscid interaction is
difficult because viscosity and turbulence effects are al-
ways superimposed onto the inviscid effects. Ljungstrom# -
conducted experiments on a 2-D airfoil model equipped
with slat and flap. By different means, he was able to
vary the momentum defect of the wake leaving the main
wing trailing edge. The measurements of flap surface
pressure distributions for different wake momentum de-
fects on otherwise identical configurations provide an in-
dication of the inviscid wake effect. The results show less
negative static pressure on the flap upper surface for the
larger wake and almost no difference on the flap lower
surface, in agreement with the present inviscid calcula-
tions. Pressure distributions obtained in recent experi-
ments by the authors® are shown in Fig. 1. Here the wake
was generated by a bundle of transverse rods near the
leading edge of a NACA 4415 section. The difference of
the surface pressures measured near midchord with and
without the wake is approximately as expected for the in-
viscid wake interaction; however, other effects of the vis-
cous wake must also be considered.

For further discussion, a simplified flow model is de-
fined as follows: one airfoil (representing the flap) is
placed in a two-dimensional, incompressible, inviscid flow
which is irrotational except in the region of the wake. The
wake is described by total pressure profiles, and it origi-
nates at upstream infinity or at a ‘“wake generator” de-
fined below. For this type flow the equations of motion re--
late the wake total pressure to the local value of the
stream function in a unique way for the entire wake. The
wake generator in this analysis is a straight line segment
in the plane of flow of length, h. The total pressure, H, of
fluid crossing this line segment is instantly reduced by
AH; however, the flow velocity is continuous across the
wake generator. The resulting total pressure wake profiles
have rectangular shapes. The force on the wake generator,
F = hAH, is perpendicular to the line segment. The com-
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Fig. 2 Inviscid effect of wake on airfoil calculated by singu-
larity technique.

ponent of this force parallel to the freestream direction is
called the wake generator drag, D.

The basic problem now consists of determining the
change of surface pressures (and forces) on the airfoil in-
duced by the presence of a wake. A related task is to find
the location of the wake boundaries. The only way to ar-
rive at a correct answer is to calculate the entire flow field
twice, first without the wake and second with a wake. The
nonlinearity of the underlying equations of motion pre-
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cludes superimposing the wake on the potential flow solu-
tion. The calculation was conveniently carried out by
using the method of Ref. 1 for thick airfoils with the wake
handled as a jet with a negative total pressure increment.
The results for a sample case roughly corresponding to the
tested configuration of Fig. 1 are shown in Fig. 2. The
ratio of the inviscid lift loss to the drag, D, on the wake
generator was 2.3 in this calculation. This ratio of two
perpendicular forces gives some indication of the strength
of interaction. The ratio increases for increasing angle-of-
attack, for increasing AH, and for a decreasing gap be-
tween surface and wake. Upon translating this result to an
actual two-element airfoil, it is concluded that the invis-
cid lift loss on the flap may amount to several times the
viscous drag of the main airfoil (D corresponds to the vis-
cous drag of the forward element).

A possible explanation of the physics of this interaction
follows along with some calculations to illustrate and veri-
fy the ideas. The lift of an airfoil is transmitted from the
inviscid fluid by static pressures to the body surface. The
difference of static pressures on the upper and lower sur-
faces is produced by downward deflection of stream tubes
(or stream layers in two-dimensional flow) in the sur-
rounding flow field. If the fluid between two streamlines is
forced to flow along a curved path, the static pressure on
the streamline inside the bend is lower than on the out-
side. This pressure difference, caused by centrifugal forc-
es, is proportional to the product of massflow between the
streamlines and mean flow velocity divided by the mean
radius of path curvature. In differential form

ap/m = p(v*/R) (1)

This relation is exact for inviscid irrotational and rota-
tional flow with the static pressure, p, the coordinate nor-
mal to the streamline, n, the density, p, the flow velocity,
v, and the radius of streamline curvature, R. The stream-
lines above and below a lifting airfoil are essentially de-
flected downward. Integration of Eq. (1) from a point far
above the airfoil down to the upper surface indeed results
in a negative surface pressure as required for positive lift.
Corresponding integration from below the airfoil yields a
positive pressure for the lower surface if the airfoil is suffi-
ciently cambered.
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Fig. 3 Inviscid effect of wake on upper surface static pres-
sure calculated by various methods.
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An idealized wake is now introduced by reducing the
total pressure of the flow between two streamlines which
represent the wake boundaries by AH. As already men-
tioned, this change disturbs the entire flow field; however,
for the present approximation, it is assumed that the
streamline curvature at each point is unaffected. The
static pressure differential across the wake is less than
across the corresponding stream tube with equal stream-
line curvature but full freestream total pressure. The flow
velocity in the stream tube is now reduced, and a lower
static pressure gradient is required to force the flow
around the curvature, since the centrifugal force is small-
er. Integration of Eq. (1) now results in a less negative
surface pressure and thus in a loss of lift. With the defini-
tion of total pressure,

H=p + 0.5p0° (2)

the change of static pressure at a single point on the .air-
foil surface is found by integrating Eq. (1) along a equipo-
tential curve originating at the surface point. The distri-
bution of radius of streamline curvature, R(n), along this
curve is obtained from a potential flow calculation in the
present approximation. The curvature distribution re-
mains undisturbed only for very small values of AH/q,
where g is the freestream dynamic pressure; therefore,
this method is a linearization for small AH/q. Wake
width and flow angles, however, need not be small. In the
present approach, a new function, f(n), is introduced to
simplify the integration of the final differential equation

Fln) = (Cp(0) = 1)/(C,n) — 1) (3)

where Cp(n) is the pressure coefficient along the equipo-
tential curve in absence of the wake, and Cp(0) is the
value at the surface. The radius function R(n) of the po-
tential flow solution is now expressed by f(n), and the
streamline curvature is

1/R(n) = 0.5d(Inf)/dn (4)

For a given total pressure wake profile, H(n), and a known
curvature function, f(n), a new functional relation, H(f),
is determined. The final differential equation is obtained
by applying Egs. (1, 2, and. 4) to the flow with and the
flow without the wake, by using the assumption of equal
curvature distribution in both flows, and by subtracting
the resulting equations. Integration of the differential

ENGINEERING NOTES 767

equation is performed from the airfoil surface (f = 1.0) to
infinity above the airfoil [f = 1.0 — Cp(0)], and the
change of static surface pressure caused by the presence of
the wake becomes

0)

1.0-01,(
Ap(0) :f1 . (H(=) ~ H(f))df (5)

Figure 3 shows a comparison of the present approxima-
tion (dashed curve) with the singularity method of Ref. 1
(solid curve). In this example, the total pressure defect,
AH, of the wake was only 20% of the freestream dynamic
pressure. For the dotted curve, the function f(n) was
approximated by a two-term expansion which satisfies the
no-wake surface pressure at n = 0 and the far field behav-
ior for the given no-wake airfoil circulation. In the present
example, the simplified method (dotted curve) seems to
be adequate for the linearized problem, except that this
curve fails to assume negative values near the trailing
edge, as indicated by the solid and dashed curves. This
change of sign of the pressure difference is in agreement
with the experimental results of Ref. 4.

The good agreement among the three curves in Fig. 3
supports the present qualitative explanation of the invis-
cid wake effect. It is concluded that an inviscid effect ex-
ists and that this effect can be reasonably estimated by
the linearized method for the airfoil upper surface and for
small total pressure defects. The linearized method is alse
applicable to weak jets. For stronger wakes, the entire
flow field must be calculated by methods such as pro-
posed in Ref. 1 with the wake represented by appropriate
singularities.
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